dd,
It is well known [l] , [4] where r = R(6) is the polar equation of the boundary. Thus the value of a harmonic function at any point in a circle is an average of the values obtained by linear interpolation of the boundary values at the ends of each chord through the point.
In particular, it follows that
R(o) + R(e + T)
It is tempting to conjecture that a similar inequality holds for harmonic functions in any convex or even star-shaped domain. Recently J. Barta We first prove:
LEMMA. PROOF. Let a be a constant such that
Let G be the Green's function with singularity at 0 for the two-dimensional domain D:r<R(6). An inequality of the form (1) holds for all harmonic functions u if and only if the identity R(e)(R(ey + R'teyy* -(R(e), e) dn (2) dG = R(e + r )(R(e + %y + R'{e + iryyi*-(R(e + *),$ + *-)
g a R(6) + R(fi + TT) for all 0.
We write the representation
)(R(ey + R'ieyy" -(R(e), e).
dn Then g (0)^0. By (3), If f(0) is made to satisfy only this condition, the function f (6) -/(Ö+TT) is completely arbitrary for 0^0<w. The right-hand side of (8) and therefore also u(0) can be made arbitrarily large unless g(0) -g(0+ir) = 0. This is the condition (2).
If (2) is satisfied, (8) becomes u(0) ^a, which is (1) with M= 1. We remark that (2) is certainly satisfied if the symmetry condition
holds. This means that the point 0 bisects each chord through it. This is true at the center of an ellipse, or of a parallelogram. In such a case we find that
We can now prove:
THEOREM. If a bound of the form (1) for harmonic functions u holds at each point 0 of a convex domain D with smooth boundary G, then C is a circle.
PROOF. We consider the chord PQ connecting any two boundary points P and Q. Let its length be d> and let O be the point on this chord at distance S from Ç.
Let the chord make angles a and ]8, respectively, with the normals at P and Q.
By hypothesis, (1) holds at 0. Hence by the lemma we have dw onpOUQ Dividing (9) by S and letting S->0, we find
The function d 2 G/dnpdtiQ is symmetric in P and (). Letting S->^Z, we find the same equation with a and ]8 interchanged. Hence cos ce = cos jo. This is true for all P and Q on C Letting Q->P on C and using the fact that j3 is a continuous function of Q, we find that ce = j8.
An elementary exercise in differential geometry shows that ce = /3 for all P and Q on C implies that C is a circle. This proves the theorem.
REMARK. If we restrict our attention to non-negative u:
u(R(0), 6) è 0, the inequality (8) does lead to a bound of the form (1) with the best possible constant
However, the evaluation of this constant requires rather detailed information about the kernel dG/dn, which is difficult to come by. In this case the maximum principle gives (1) The analogous results in n dimensions can be proved in the same manner.
